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Abstract 

We define a refined topological vertex which depends in addition on a parameter, 
which physically corresponds to extending the self-dual graviphoton field strength to 
a more general configuration. Using this refined topological vertex we compute, using 
geometric engineering, a two-parameter (equivariant) instanton expansion of gauge 
theories which reproduce the results of Nekrasov. The refined vertex is also expected 
to be related to Khovanov knot invariants. 
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1 Introduction 

The study of topological strings on Calabi-Yau manifolds has been the topic of intense re- 
search for many years now. There are a number of conjectures relating the topological string 
amplitudes with various generating functions of interest to both physicists and mathemati- 
cians. 

The Calabi-Yau threefold (CY3-fold) X gives rise to the corresponding compactified theory 
via M-theory compactification. In this way gauge theories with certain gauge groups and 
matter content can be geometrically engineered using CY3-folds [1,2]. The topological 
string partition function on such spaces is expected to be related to instanton sums in gauge 
theories. This conjecture has been sharpened, thanks to the work of Nekrasov [3], which 
provides the tool to directly compute the partition function of 5D supersymmetric gauge 
theory on x S*^. 

On the other hand, using the topological vertex formalism [4, 5] the partition function of 
topological string can be evaluated on such backgrounds. In particular, for U{N) gauge 
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theories with and without hypermuhiplets, the equivalence of gauge theory and the corre- 
sponding topological string partition function has been proven using the topological vertex 
formalism [6-9]. However, as was noted in [8], the instanton calculus [3] which was used 
to calculate the gauge theory partition function has more refined information. Recall that 
on the gauge theory side the partition function is calculated using localization in equivari- 
ant K-theory [10, 11] with respect to an r + 2 dimensional torus x K, where K is the r 
dimensional maximal torus of the gauge group and acts on the C^, 

T^: {zuZ2)^ {e''^zi,e''^Z2). (1) 

The action on hfts to an action on the instanton moduli space such that the fixed points 
are labeled by the colored partitions (Young diagrams) of certain instanton charge [12]. 

The gauge theory partition function is a function of two equivariant parameters ei,2- For 
ei = —€2 = gs, the gauge theory partition function reduces to the A-model topological string 
partition function with genus parameter Qs [6,7]. In this limit (ei + 62 = 0), the topological 
vertex formalism can be used to calculate the partition function from the toric geometry of 
the corresponding CY3-fold. However, the usual topological vertex formalism, needs to be 
extended to deal with the case ei + €2 7^ 0. 

Recall that the topological string partition function is the generating function of the Gromov- 
Witten invariants. Therefore a natural question to ask is whether the partition function 
with ei + 62 7^ is the generating function of some invariants more refined than the Gromov- 
Witten invariants. The Gopakumar-Vafa (GV) reformulation [13] of the topological string 
ampHtudes suggests such a possibihty which was explored in [8]. Given a CY3-fold X, the 
M-theory compactification on X gives (in an appropriate limit) a 5D supersymmetric gauge 
theory with eight supercharges. The BPS particles in the 5D theory have a geometric origin 
as the M2-branes wrapped on holomorphic curves in X. The mass of such a particle coming 
from the holomorphic curve C e H2{X,'Z) is given by JqUJ, where cu is the Kahler form on 
X. The spin of these particles is classified by the httle group of massive particles which 
in 5D is SO{4:) ~ SU{2)l x SU{2)r. Compactifying on a circle to get Type IIA on X, 
the wrapped M2-branes with some momentum in the compact direction become the bound 
states of D2-branes with DO-branes. The number of particles with charge C e H2{X, Z) and 
SU(2)l X SU{2)r spin {jliJr)-, N^^'^^\ is equal to the number of the cohomology classes 
of the moduli space of D2-brane wrapped on C. For generic CY3- folds, N^^'^^^ is not an 
invariant and can change as we change the complex structure. But N^^ — ^ . {—iy^'^{2jji + 
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I^N^JlJr)^ which sums over all j/j's with alternating signs, remains invariant. For the case 
of non-compact toric CY3-folds, there are no complex structure deformations. Therefore, 
one would expect no jumps in the Nq^'-'^^ degeneracies, and so one would hope to be able 
to compute these as well. 

Because the D-brane has a U{1) gauge field hving on its worldvolume, the moduh space of 
supersymmetric configurations includes not only the curve moduli but also the moduli of 
the flat connections on the curve coming from the gauge field. Since the moduli space of flat 
connections on a smooth curve of genus g is T^^, the moduh space of the D-brane is a 
fibration over the moduh space of the curve. The total space is a Kahler manifold and the 
Lefschetz action by the Kahler class is the diagonal SU{2)o C SU{2)l x SU{2)ji action on 
the moduli space. The SU{2)l x SU{2)ji action on the moduli space is such that SU{2)l 
acts on the fiber direction and the SU{2)ii acts in the base direction. 

The topological string partition function is the generating function of the invariants Nf^, 

Z{u,gs) := e^v{Y.9l'-'F,{uj)) (2) 

= n nil n(-."-«i'-"'""^'"". 

where q = e*^" and = e~ . The parameters Q give the charge under H2{X, Z) whereas 
the parameter q couples with the SU{2)l spin. 

As mentioned before, for Calabi-Yau manifolds which do not admit any complex structure 
deformations, such as non-compact toric threefolds, the multiplicities N^^'^^^ themselves 
are invariants. Using these multiplicities we can define a refined topological string partition 
function with a product structure similar to the one given above [8] , 



+jL +jR OO j^OL'm) 

Z{u;,q,t) := H 11 11 11 11 (l - g'^^-'^^+^^^-^Q^) 

CeH2{X,Z) jL,jR kL=-3L kR=-iR mi,m2=l 

(3) 



where the parameters \/qt and couple with SU{2)l and SU{2)r spin, respectively. 



It was argued in [8] that for Calabi-Yau manifolds which give rise to H — 2 supersymmetric 
gauge theories via geometric engineering, the refined topological string partition function is 
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equal to the partition function of the compactified 5D gauge theory, i.e., the K-theoretic 
version of the Nekrasov's instanton partition functions [10, 11, 14] with q = e*"^^, t = e"""^^. 

The topological vertex formalism [4] provides a powerful method to calculate the topological 
string partition function for non-compact toric CY3-folds. A similar formalism to calculate 
the refined partition functions will be very interesting providing a refinement of the Gromov- 
Witten and Donaldson- Thomas theories of toric CY3-folds. The purpose of this paper is to 
develop such a formalism. We will define a refined topological vertex Cx^i,{t,q) which now 
depends on one extra parameter compared to the ordinary topological vertex, where together 
with the usual gluing algorithm for toric CY3-folds, gives the refined topological string 
partition. However, the refined vertex can be used to define the refined invariants only when 
the toric Calabi-Yau threefold is made of vertices, all of which contain a fixed locus (p, q) of 
vanishing cycle in (which is a subset of the fibration of toric geometries). This implies 
that we can compute the refined topological string amplitudes only for toric threefolds which 
are somewhat special. However, one can also obtain a generic toric case from the refined 
vertex by using analytic continuation and doing flops on the vertices. This in particular 
means that the refined vertex is not cyclically symmetric as the usual topological vertex. The 
toric CY3-folds for which the refined vertex works are exactly those which give rise to gauge 
theories via geometric engineering. This implies that the refined vertex contains no more 
information than the K-theoretic version of the instanton partition functions. However, the 
refined vertex provides a combinatorial interpretation of the instanton partitions functions. 
Since the refined vertex is not cyclically symmetric a certain choice of direction in the toric 
diagram of the CY3-fold has to be made. 

The fact that the topological vertex has a combinatorial interpretation in terms of counting 
certain 3D partitions with fixed asymptotes is a well known fact [15]. As a guiding prin- 
cipal in formulating the refined topological vertex we will demand a similar combinatorial 
interpretation in terms of 3D partitions for the refined vertex^ 

This paper is organized as follows. In section 2, we will review GV formulation of the 
topological string amplitudes and their computation using the topological vertex formalism. 
In section 3, we propose the refined topological vertex. In section 4, we discuss the connection 
between the refined vertex and stacks of branes, and motivate the gluing rules for the refined 
vertex. In section 5, we will calculate the refined partition functions for certain geometries 

^For another attempt at defining a refined topological vertex see [16]. 
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using the refined vertex. In particular, we show how one recovers Nekrasov's results using 
the refined vertex. We also compute the degeneracy of the BPS states in these geometries 
and explain the SU(2)l x SU{2)r content of the states. In Appendix A, we will give the 
complete derivation of the refined vertex in terms of 3D partitions. In Appendix B, we 
will show that the refined partition function of 0{—l) © 0{—l) i-^ can be obtained by 
appropriately weighting the contribution of the holomorphic maps to the two fixed points of 
the geometry. We will also show that for C'^ by appropriately weighting the contribution of 
the maps to the torus invariant fixed point gives a generalization of the MacMahon function 
which also has a combinatorial interpretation. 



2 GV Formulation and Topological Vertex 

In this section, we will briefiy review the Gopakumar-Vafa reformulation of the topological 
string amplitudes and their calculation using the topological vertex. 



2.1 Topological string amplitudes and GV reformulation 

The topological string amplitudes Fg arise in the A-twisted topological theory as integrals 
over the genus g moduli space of Riemann surfaces and are related to the generating functions 
of the genus g Gromov-Witten invariants. The general form of these amplitudes is given by 



FoH = ^[ujAujAuj+ Y1 -^c°e-i'c-, (4) 

" ^ /- U / V '77\ 



where oo is the Kahler form, Af^ is the genus g Gromov-Witten invariant of C, Aig is the 
moduli space of genus g Riemann surfaces and Xg-i is the g^^ Chern class of the Hodge bundle 
over Aig (see Appendix B). The topological string amplitudes can be compactly organized 
into the generating function, the topological string partition function 

oo 

Z{u;,gs) = exp(^Y.9s'''Fg{u;)) . (5) 

5=0 
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From the worldsheet perspective, the genus g amphtude, Fg, is the generating function 
of the "number" of maps from a genus g Riemann surface to CY3-fold X. However, the 
target space viewpoint provides a more physical interpretation of the generating function 
F{u,gs) [13]. We will briefly review this interpretation since it is crucial in understanding 
the refined partition functions. Recall that in M-theory compactification on CY3-fold X 
wc get a 5D field theory with eight supercharges. The particles in this theory come from 
quantization of the moduli space of wrapped M2-brancs on various 2-cycles of X. These 
particles carry SU{2)l x SU{2)r quantum numbers where SU{2)l x SU{2)fi = 5*0(4) is 
the little group of massive particles in 5D. If we compactify one direction, then the particles 
can be interpreted as wrapped D2-branes and the Kaluza-Klein modes as bound DO-branes. 
These charged particles when integrated out give rise to the F-tcrms in the effective action. 
The contribution of a particle of mass m and in representation TZ of the SU{2)l x SU{2)r 
to F is given by 

S ^ .ogdet(A + ™^ + 2. ^ [ (Ln^^mr ' 

where is the Cartan of SU (2) i and arises because the graviphoton field strength is self- 
dual, e is the charge of the particle, and is equal to its mass and we identify the graviphoton 
field strength T = gs- The mass of the particle is given by the area of the curve on which the 
D2-brane is wrapped. An extra subtlety arises due to DO-branes. In the lift to M-theory, we 
see that a wrapped M2-brane comes with momentum in the circle direction, and therefore, 
if we denote the mass of the M2-brane wrapping a curve class C G H2{X, Z) by Tc then the 
mass of the M2-brane with momentum n is given by taking Tc to Tc + 27iin/gs- Let us denote 
by TV^^'-'^^ the number of BPS states coming from an M2-brane wrapped on the holomorphic 
curve C, and the left-right spin content under SU{2)l x SU{2)ji given by {jL^jn)- Then the 
total contribution coming from all particles is obtained by summing over the momentum, 
the holomorphic curves and the left-right spin content. 



UlJr) 
C 



cisTr(^-^j^)(-l)'^^+'^«e-^^c-2™g-23aiA. 



oo 



CeH2(,X,Z) k=l JlJr 



{2smh{sXs/2)y 

'TL+TRQ-2k 

^ ^ A;(2sinh(A;A,/2))2 



, , TV.. ■ .( — ^^'^L+o■R„-2k^3<TL 



y yy^i"e-^^''^T7^^-^4Vr^T^> where 7Vif=y7V(^'^'^«Vl)''^(2ji? 
L^L^ c A; 2 sinh A;A,/2 2 ' c ^ c \ ) \ Ji^ 



In terms of these integers N^^i' one can write F as 

If we turn on a constant graviphoton field strength which is not self-dual F = Fi dx^ A dx^ + 
F2 dx^ Adx"^, then we can write the contribution that comes from integrating out the particle 
in representation 71 of SU{2)l x SU{2)r as 

/ T (2 sinh(seFi/2))(-2 sinh(seF2/2)) ' 
Summing over the contributions from all particles as before we get 

F{u,t,q) = 



E EE 



(10) 



CeH2iX,Z) n=l JlJr ^ J\H H / 

where q = e^^,t = e^'^ . The integers N^^^'-'^^ give the degeneracy of particles with spin 
content {jL,jR), and charge C and are the number of co homology classes with spin {jL,jR) 
of the moduli space of a D-brane wrapped on a holomorphic curve in the class C [13]. 

As an example, consider the local x which we will denote by X. M-theory compact- 
ification on 5^ x X gives SU{2) gauge theory with eight supercharges. In this case, the 
gauge theory partition function was calculated in [3] . As we will show in the last section this 
partition function can be obtained from the refined topological vertex as well and is given 

Z(QhQ,,t,q) = 5^(2l''''+"'''z(i'i.i'2;(2/,«,<;) (11) 

•^1,1^2 

/^\kl| + k2| _ _ _ _ 

Z(z/i,z/2;Q,t,g) := i-j q^^'^'^^^U^^'"'^^" Z,t{t,q)Z,,{q,t)Z,t{t,q)Z,,{q,t) G{u,,U2,Q,t,q^ 

ZAt.o)= n (l-r(^'^')+V^^'^'^)-\ a{i,j)=v]-t, £(^,j) = zy,-j, (12) 



^1^1.2 are 2D partitions, is the transpose partition and = ^1- 
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where —log{Qhj) — T^^j are the Kahler parameters associated with the base and the fiber 
pi's. 

We can use the above partition function to calculate the BPS degeneracies of various states 
corresponding to charge C e H2{X,'L). For example, consider the curve 2B + 2F, the 
canonical class of the x P^. This is a genus one curve and therefore the corresponding 
moduli space will admit non-trivial SU{2)l action. The spin content can be extracted from 
the refined partition function and is given by 

E N2B%iih,jR) = (i4) e (0, 1) e (0, |) . (i3) 

JlJr 

To see that this is the correct result note that the moduh space of 2B + 2F together with 
its Jacobian is given by a P^ bundle over P^ x P^: pick a point in P^ x P^, the moduh space 
of curves passing through that point in the class 2B + 2F is given by P^. Thus the diagonal 
SU{2)l X SU{2)ji action which is just the Lefshetz action is given by 

(i)®(i)®(i) = (i)©2(|)©(|). (14) 

Note that since 2B + 2F is a genus one curve, the corresponding Jacobian is also genus one, 
and therefore ji can only be or |. Prom this restriction on Jl and the above diagonal 
action, we see that the unique left-right spin content is given by 

(1,4) ©(0,1) ©(0,1), (15) 

exactly as predicted by the partition function calculation 

2.2 Partition function from the topological vertex 

The topological vertex formalism [4] completely solves the problem of calculating the topo- 
logical string partitions for toric CY3-folds. Consider the topological A-model with a toric 
non-compact Calabi-Yau manifold X as its target space. The amplitude of this model is 
the sum over the holomorphic maps from a Riemann surface of genus g to the target 
Calabi-Yau manifold X where each term is weighted by the area of the surface in X. One 
can use the so-called toric diagrams (or web diagrams) to encode the geometry of the target 
space as a tri-valent graph on the plane. These diagrams show the degeneration loci of the 
toric action on X, i.e., along each edge of the web one of the 1-cycles of the fiber shrinks 
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L3 




Figure 1: The holomorphic maps wrapping the disks along the degeneration loci with bound- 
aries on the Lagrangian branes. 

leaving the dual cycle S^. The basic idea behind the topological vertex is to divide the 
corresponding toric diagram of X into tri-valent vertices, which, from physics point of view, 
should be considered as placing Lagrangian D-brane/anti-D-brane pairs to "cut" X. Each 
tri-valent vertex corresponds to a patch. 

The separation of the target space into patches results in cuts in the holomorphic maps 
from the worldsheet to the target space as well. In other words, one ends up with Riemann 
surfaces (not to be confused with E^) with boundaries over the point on the edge where 
the cut is made. The boundaries live on stack of D-branes (or anti-D-branes) along the 
three edges of the web. Closed string amplitudes on a given toric Calabi-Yau manifold are 
obtained by an appropriate gluing procedure. The rules to calculate the topological string 
amplitude on general toric, non-compact Calabi-Yau manifolds, given the toric diagram are 
the following: 

• After dividing the toric diagram into vertices, associate each edge described by an 
integer vector Vi with a representation //j. 

• The orientation of the vectors {vi,Vj,Vk) describing the degeneration loci is important 
in order to write down correctly the associated vertex to each patch: if all vectors Vi 
are incoming then C^.^^^^. is the correct factor, otherwise we replace the partition with 
its transpose /x* for any outgoing edge. 

• Once we have set up all vertices and the associated factors C^^n.fJ,^, we can glue them 
along their common edges. Assume that two vertices have the same Vi, we can take 
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one of the fj's to be incoming on one vertex and outgoing on the other one. Then 
"gluing" turns out to be the following summation 

^(_l)K+iK(..),-n.^e-^(-)*»C,^.,,,.C,.,,,, (16) 

with the integer rii = A ffc|. The appearance of this factor signals the equality of 
the framing along an edge on both vertices. 

• The Kahler parameter Tj associated to an edge described by Vi = {pi, qi) is given by 
Ti = Xil \/ pi + qf where Xi is the length in the plane. 

• The partition /i along any non-compact direction is a trivial one and denoted by "0" . 
A useful representation of the vertex is given using the skew-Schur functions [15], 

where q~''^~'' = {g^'^i+i/^^ ^-^^2+3/2^ g,-!/3+5/2^ . . . ^^/^(x) is the skew-Schur functioijf 

defined, using the Littlewood- Richardson coefficients c^^^, in terms of the Schur functions, 

Vr,(x) = ^c(^;,Sa(x) . (18) 
A 

3 The Refined Topological Vertex 

In this section, we will explain the combinatorial interpretation of the refined vertex in terms 
of 3D partitions leaving the complete derivation to Appendix A where the relevant notation 
is also reviewed. 

Recall that the generating function of the 3D partitions is given by the MacMahon function, 

oo 

M(g) = 5^ag" = n(l-0~"- (19) 

71>0 fc = l 

The topological vertex C\^p{q) has the following combinatorial interpretation [15] 

M{q)Cx^M= Yl , (20) 

■!T{X,tl,u) 

•^For a brief overview see Appendix D 
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where 7r(A, fi, v) is a 3D partition such that along the three axes it asymptotically approaches 
the three 2D partitions A,/x and v. \ti\ is number of boxes (volume) of the 3D partition vr 
and TT, is the 3D partition with the least number of boxes satisfying the same boundary 
conditiorQ. 

The refined vertex also has a similar combinatorial interpretation in terms of 3D partitions 
which we will explain now. Recall that the diagonal slices of a 3D partition, tt, are 2D 
partitions which interlace each other. These are the 2D partitions living on the planes 
X — y = a, where a G Z. We will denote these 2D partitions by tt^. For the usual vertex 
the a^^ slice is weighted with g''^"', where \TCa\ is the number of boxes cut by the slice (the 
number of boxes in the 2D partition tCo) ■ The 3D partition is then weighted by 

JJ qM = gE.gz kal ^ ^# of boxes in the tt ^21) 

In the case of the refined vertex, the 3D partition is weighted in a different manner. Given a 
3D partition tt and its diagonal slices tTq we weigh the slices for a < with parameter q and 
the slices with a > with parameter t so that the measure associated with tt is given by 

(n^'"') (n^'""') =?^^^^^'"^"^^'^^-^'"^'"'^'- (22) 

a<0 a>0 

The generating function for this counting is a generalization of the MacMahon function and 
is given by 

oo 

M{t, q) := q^^-^ t^T^^ l^^^"^)! =l[{l- q'-H^Y' • (23) 

We can think of this assignment of q and t to the slices in the following way. If we start 
from large positive a and move towards the slice passing through the origin then everytime 
we move the slice towards the left we count it with t and everytime we move the slice up 
(which happens when we go from a = i to a = i — 1, i = 0, 1, 2 ■ • ■ ) we count it with q. 

Since we are slicing the skew 3D partitions with planes x — y = a we naturally have a 
preferred direction given by the 2;-axis. Let us take the 2D partition along the z-axis to be 
u. The case we discussed above, obtaining the refined MacMahon function, corresponds to 
z/ = 0. For a non-trivial, u the assignment of q and t to various slices is different and depends 
on the shape of u. As we go from +oo to — cxd the slices are counted with t if we go towards 
the left and is counted with q if we move up. An example is shown in Fig. O 



Since even the partition with the least number of boxes has infinite number of boxes we need to regularize 
this by putting it in an x iV x box as discussed in [15]. 
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q = blue (solid line), t = red (dashed line) 
z/=(4,3,l) 



Figure 2: Slices of the 3D partitions are counted with parameters t and q depending on the 
shape of u. 



After taking into account the framing and the fact that the slices relevant for the topological 
vertex are not the perpendicular slices [15] the generating function is given by 



2 



Gx,.{t,q) = (I) ' t'^M{t,q)PAt-'';q,t) (f) ' ^AV.r V^)^/./.^ ^'^^O 



and the refined vertex is given by 
Gx^uit, q) 



Cx^u{t,q) 



M{t,q) 



(24) 



(f) ' t^P.(r-g,t) J:( 



q\ 2 



Sxy,{t-Pq-')s,/,{t-' q'"). 
In the above expression, Pi/(x; q,t) is the Macdonald function such that 



P,t{t-P;q,t) = t—Z,{t,q), 

z.{t,q) = n (i-t"(''^')+'g'(^'^'))-' 



(25) 



4 Open String Partition Function and Sym*(C) 

In order to gain some insight into the proposed refined vertex and its gluing rules (to be 
discussed below) it is useful to recall the connection between topological vertex and open 
string amplitudes in the presence of stack of A-branes. 
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Let us consider the connection between open string partition function and the topological 
vertex. When a stack of Lagrangian D-branes is ending on one of the legs of the the 
partition function is given by 

Z{q; V)^Y1 . (26) 

Since Tr,yV — s,/(x) where x = {xi, X2, • • • } are the eigenvalues of the holonomy matrix V. 

Z{q;V) = Y.Cuu{q-')s.{^) (27) 

V 

oo 

V i,j = l 

In the case of a single Lagrangian brane x — {—Q, 0,0,0, ■■■) we get the well known partition 
function 

oo 

Z{q;Q)^l[{l-Qq-'+'-). (28) 

i=l 

We will now show that the above partition function of a single Lagrangian brane can be 
interpreted in terms of the Hilbert series of the the symmetric product of C. 

Recall that the Schur functions have the property that 

This implies that s,^{Q) is non-zero only for those partitions for which i^u) — 1, i.e., v — 
(i^i, 0, 0, • • • ). These are exactly the partitions which label the fixed points of the symmetric 
product of C, i.e., Sym*(C) has a single fixed point labelled by the partition v — {k,0,0, - ■ ■ ). 
We can construct a generating function of the Hilbert series of the symmetric products [10], 

oo 

G(0,g):=^0'=i/[Sym^(C)](g) (30) 

fc=0 

Since the symmetric product Sym^(C) can be identified with the ring i?^ := C[^i, Z2, - ■ ■ , z^l/ S]^ 
therefore the Hilbert series is given by [10] 

oo 

mM = (31) 

n=0 

rn{R) — # of monomials in R of charge n 
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where on C g acts as a action z i-^ qz. To determine i?[Sym^(C)](g) note that the i?^ is 
just the ring of symmetric functions in the variables {z\^ -^2, • • • i ^k) and therefore the Schur 
functions provide a basis of Rk, 

Rk^< s,{zi,--- ,Zk)\i{iy) <k >, (32) 

where the condition £{1/) < k is necessary since s^{zi,--- ,Zk) — for £{1/) > k. Rk is 
isomorphic to the Hilbert space Hk generated by bosonic oscillator up to charge k. Recall 
that the bosonic oscillators satisfying the commutation relation 

[an, Q!m] = n6n+m,0 (33) 

generate the Hilbert space, Ti, isomorphic to the ring of symmetric functions in infinite 
variables it! . This essentially follows from the identification 

p^(x)^ i/ = l"»i2"*2 • • • ^ (q;_i)"^i(q;_2)'"^---|0). (34) 

Under the above identification 

Rk ~ Hk =< {a-ir^ ■ ■ ■ (a-fc)'"'=|0) | {mi, • • - m^ > 0} > (35) 

and the Hilbert spaces Hk form a nested sequence 

nocnicn2cnsc--- (36) 

which corresponds to the nested sequence of Young diagrams of increasing number of rows. 

The action, which lifts to an action on the Sym*(C) such that the Schur functions 
s^{zi, ■ ■ ■ , Zk) are eigenfunctions with eigenvalue g'"^', becomes the action of on the states 

in n {Lq = En>0'^-n«n), 

k 

H[Rk]{q)^Tvn,q"^^ ^ gl'^l = 11(1 - 0"^ (37) 

u\e{i^)<k n=l 

The Hilbert series of Rk in this case turns out to be the generating function of the number 
of partitions with at most k parts. We can express H[Rk\{q) in terms of the Schur functions, 

k 

H[Rk]iq) = - ^")"' = (38) 

n=l 
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The generating functions G{4>, q) is then given by 

oo oo 

G{cP,q) - J]</.'=i/[i?fe](g) = J^c/.'^Tr^.g^" (39) 

k=0 k=0 

oo 

k=0 
oo 

fe=0 u 

where "YXyV = Si,{Q) and Q = q~^(f)- 

Thus we see that as we move the brane to infinity {Q — e~* i— > 0) the contribution of 
the higher modes is suppressed. On the other hand as the brane moves towards the origin 
{Q ^ 1) higher oscillator modes starts contributing with equal weight to the partition 
function. 

From the above discussion it also follows that the topological vertex C00(fc)(g) has an inter- 
pretation as counting the number of states of a given energy in the Hilbert space TCk- It is 
tempting to conjecture that the topological vertex with all three partitions non-trivial has a 
similar interpretation. This is supported by the fact that topological vertex when expanded 
as a powers series in q has non-negative integer coefficients. 

It is easy to see that the recursion relation 

= Y3^Tr«.-.?^° (40) 
implies that the partition function Z{q;Q) satisfies the equation 

g^e-")Z(g;e-'') = 0. (41) 

It is easy to determine the disk contribution using this differential equation. Since Z{q; Q) — 
exp( J + Fi + gsF2 H ) therefore 

{gsduTef-s = e^/^^{(9„F)" + 0(^,)} (42) 



16 



Therefore 



Z-\q; e-")g-^"Z(g; e"'^) = e-(^"^) + 0(g,) (43) 
which imphes in the hmit Qs ^ 

d^Fo = -log(l - gV2g-«) . (44) 

This relation was noted in [17] where it was related to the non-commutative geometry of 
the coordinates on the local mirror geometry. Below we will obtain a similar equation in the 
context of the refined vertex, whose geometric understanding is an important open question. 

4.1 Stack of Branes 

In the previous subsection, wc considered of a single Lagrangian brane ending on one of the 
legs. Now we will consider the case of multiple Lagrangian branes on the one of legs of C^. 

The partition function is given by 

Z{x,q) = EC00i.(g""^)s^(x) , x = {xi,X2,- ■ ■ ,xn} , (45) 

u 

N oo 

i=i j=i 

The above partition function is the generating function of the Hilbert series of product of 
symmetric products of C. To see consider the following generating function 

G{cp,,--- ,V^N,q)^ J2 ¥>i'V2'---VNH[Mk,-M, (46) 

ki,--- ,kN 

Mk,k,-k^ = Sym^^^C) x • • • x Sym^-(C) . 
The ring of functions on Mk^...kj^ is spanned by 

SuA^l,l, ■ ■ ■ ,Xi^ki)Su^{x2,l, ■ ■ ■ ,X2,k2) • --SuffixN,!, " " " ,XN,kN) ' ^(^a) < ka , a = 1,2, N. 

In terms of the bosonic oscillators an^ satisfying the commutation relations 

[al:\a^^^]^nSa,i>Sm+n,o. (47) 
17 



the above ring is isomorphic to the Hilbert space Ti-ki-kN spanned by 



N 



n("-ir'^---("-tr''="io). (48) 



a=l 



The Hilbert series of Mk^...kj^ is then given by the trace of Hki-kN^ 

H[Mkr...M = ^^m,...,y° (49) 
where Lq = ^a=i ^n>o'^-n'^'>T^^ ■ '^^^^ imphes that 



N N ka 



"ii,i,"ii,2— mjv,fc^ a=lma,i,— ,'ma,ka a=l i=l 

Since the Hilbert series is given by the product of the Hilbert series therefore 

AT N oo 

G{(pi,--- ,fN,q)^Y[G{(fa,q)^YlYl{i-q~'fa)^Z{q;x.), Xa^-q'^fa- (50) 



a=l a=l 1=1 



4.2 Refined vertex and open string partition function 

It is natural to expect that the refined vertex also has an interpretation in terms of generalized 
open topological string amplitudes in the presence of stacks of A-brane. In fact the results 
of [26] suggests that the Khovanov knot invariants are related to this refinement of the open 
string amplitude. It thus suggests that wc should view the refined vertex as building blocks 
for computation of Khovanov knot invariants that can be obtained from local toric Calabi- 
Yau manifolds. The first step in motivating this interpretation is to show that the stack of 
D-branes in the context of refined vertex can also be related to the symmetric product of C, 
as it was possible in the context of ordinary vertex. This we will show here. 

When using the refined vertex the open string partition function depends on the leg on which 
the stack of branes is put essentially because the refined vertex is not cyclically symmetric. 
Thus we have three choices corresponding to the three legs of C^. We will consider all three 
cases, 

\A 

C,u{t,q) = (?) ' saKO, (51) 
C0^0(t,?) = (f) ' V (?"')' 

cn.M = n...(i - 1'^^^'^ q'^'^) ■ 
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I: The open string partition function is given by 

1A| 



Z{t, q,x) ^ Yl Cx$9{t-\ q-')sx{x) = E (f) ' ^^*(^')^^(^) (^2) 

A A 

oo oo 



i=l i=l 



II: The open string partition function in this case is given by 

IIm^II-ImI 

Z{t,q,x) = J2^$Mt~\Q~')s^{x) = J2{i) ' s^<Q'K{x) (53) 



oo 



= ll{l + xq-^+'^) = ll{l-Qq-^+'^), Q^-x. 

i=i i=i 

Thus we see that in both these case the partition function is the same as the partition 
function obtained from the ordinary vertex except that the partition function depends on 
either t or q depending on the leg on which the brane ends. 

Ill: The more interesting case is the third one in which the brane ends on the prefered leg. 
In this case the open string amplitude using the refined vertex is given by 

Z{V,t,q) = J2CuAt~\Q~'n^'^V (54) 

where x = {xi, x^r ■ ■ }. Since 

glMlV2 ^ ^ _(_1)M(1)'^'/%II^*IIV2 

C00.(i, q) - ^^^^^^ _ ^,^,(^) ^,(^)^ , CuA^ )- n,e^(l-ti+«Wg^('')) ^^^^ 

therefore for x = {— Q, 0, 0, • • • } we get 

oo 



fe=0 



fe=0 n=l 
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The above partition function can also be written using a more refined Hilbert series of the 
symmetric product of C. The Schur functions provide a basis of Rk- A Schur function 
Su{zi, ■ ■ ■ , Zk) has charge g''^' under the action for < k. We define a second 
action such that 

: ^2, • • • , Zk) ^ ^^^""'^ s^{zi, -^2, • • • , Zk) , i{v) < k . (57) 

Note that this second action has a simple interpretation in terms of the bosonic oscillators. 
On Tik this second acts as where N = ^„>o is the operator that counts the 

number of total number of particles in a given state |z/) . On a state \i>) = |l™i2™'2 . . . ^ the 
operator N acts as 

N\imi2^2 ...^ ^ (^^ + ^2 + ---)|l'"'2'"2---) (58) 
Using this second action the refined Hilbert series of Rk 

H[Rk]{q,^) = Trn,q'''^'' = Yl 9''^'^'^'*^- (59) 

u\e{u)<k 

For £(z/) < k the partition u can be written as u = i™'i2™'2 3™-3 . . . /^"ik such that = 
Yli=i iiTLi and £(z/*) = Yl!i=i therefore 

H[Rk]{q,^) = Yl ^''^'^^^"^ (60) 
i^\e{u)<k 

k 

_ ^ ^ ^mi+2m2+3m3H hkruk ^mi+m2+--mk _ — "d (f')~^ 

Then the generating function of the refined Hilbert series is given by 

oo oo A; 

G(0,g,^) = J]0^i/[i?fe](g,^) = 5^0'=n(l-^^T' (61) 

fc=0 k=0 1=1 

= Z{cl>^,^q,q). 

The refined partition function also satisfies an equation similar to the one satisfied by the 
quantum dilogarithm, 

(i? q-^- - 1 + 1? g5 e-" )Z(e-", ^q,q)^'&-l. (62) 

where Q = e"". 

Understanding the geometric meaning of this relation is an open problem which is important 
for a deeper understanding of the refined vertex. 
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4.3 Brane orientation and the gluing rule 

We have seen previously that both the topological vertex and its refinement can be un- 
derstood in terms of symmetric products of C. The appearance of the Sym*(C) can be 
understood if we embed the topological string in the physical Type llA string theory [18]. 
In this case, the Lagrangian branes become the D4-branes wrapping the Lagrangian 3-cycle 
in the CY3-fold and filling up two dimensions of the transverse four dimensions. The ap- 
pearance of the symmetric product can then be interpreted as counting particles in two 
dimensions. 

The refined topological vertex depends on two parameters t, q which in the instanton cal- 
culus corresponds to the C/(l) rotation parameters of the two orthogonal planes in C^. For 
the branes on the two unpreffered directions the open topological string partition function 
depends only on either t or q. This suggests that branes on two unpreferred directions ac- 
tually fill the two different orthogonal planes in C^. To obtain the closed string partition 
function we have to glue two edges of the vertex. Prom the instanton calculus we know 
that the closed string partition function can be obtained by counting points in C^. Therefore 
the gluing to obtain the closed string expression must be such that the two stack of branes, 
on the two legs which are to be glued, fill up orthogonal two dimensional planes in the 
transverse to the CY3-fold. 

Even though this gluing rule is very natural and we will see that it works, a deeper expla- 
nation of this is needed. In particular the asymmetry of the refined vertex is a feature that 
has to be explained in terms of the orientation of the Lagrangian branes: the unpreferred 
directions have branes that fill two orthogonal subspaces of C^. But we also need to have 
an explanation of the Lagrangian brane on the preferred direction. This we leave for future 
work. This is also related to the Khovanov knot invariant interpretation of the refined vertex: 
It should be possible to compute the Khovanov invariants (for toric knots at least) using the 
refined vertex, as we noted above. This is currently under investigation [19]. 

5 Refined Partition Functions from the Refined Vertex 

In this section, we will use the refined topological vertex to determine the generalized parti- 
tion function for various local toric CY3-folds. 
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Figure 3: Toric diagram of 0{ — l) © 0{—l) ^ P^. The vertices are glued along the preferred 
direction u. 

5.1 c(-i)ec(-i) 

The compactification of Type IIA string theory on the Calabi-Yau threefold X = 0{—l) © 
0{—l) ^ f-^ gives rise to f/(l) A/" = 2 gauge theory on the transverse in a particular 
limit [1]. Using the topological vertex formalism, the topological string partition function is 
given by 

Ziq,Q) = (63) 

V 

u 

oo oo ^ 

i,j=l k=l 

where T = — ln(Q) is the Kahler parameter, the size of the P^. 

We can use the refined topological vertex to determine the refined partition function. The 
toric diagram of X and the gluing of the refined vertex are shown in Fig. [31 From the gluing 
of the vertices in Fig. [3l we see that the refined topological string partition function is given 
by 

Zit, q, Q) := J2 Q^'K-'^P Cu.it, q) C^Aq^ t) . (64) 

Since 

CnAt,q) = q^Mt,q)=q^ - e'~'^+V'^'^r\ (65) 
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q A t 



q A 



t 



Figure 4: Toric diagram of 0{—l) © 0{—l) ^ P^. The vertices are glued along the unpre- 
ferred direction A 



the refined partition function becomes 



i 



Z{t,q,Q) = 



QlH(_l)klg^t^ 



(66) 



This is exactly the partition function given in Eq. (4.5) of [10] if we identify (ti,t2,c\) = 
{t, q~^, ^ different representation of the partition function can be obtained by choos- 

ing different preferred directions as shown in Fig. HI 



The refined partition function with this choice is given by 

Z(t,q,Q) = ^OW(-l)l"IC,„(«,g)CA.M(<;.«) 



E(-Q)'''(f)'^^-(' 



1 l^ 

2 



A i,j=l 



Exp 



(67) 



y , IL lb ^ , lb It 

^^n{q2 -q-2){t2 -^2) 
Identifying the above two representations of the partition function we get the following 



^An equivalent expression obtained by i— s- jy* is given by 
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identity 

which is a speciahzation of the identity Eq. (5.4) of [25] and was also derived in [10]. 

Note that in gluing the two vertices, we have have taken the parameters g or t be the different 
on the gluing edges as discussed in section 14.31 The parameter does not have to be the same 
as the vertices are actually an infinite distance apart. Actually, one can also check that a 
combinatorial description of the partition function requires that the parameters be different 
on the two gluing edges. 



5.2 Xy"g6iius, Sym'(C^) and the refined topological vertex 

In [8], it was shown that the the generating function of the equivariant Xy-genus of the 
Hilbert scheme of C^, denoted by Hilb'^[C^], is given by the topological string amplitude of 
a certain CY3-fold Xq, which is the partial compactification of X. The equivariant action 
of C2 was given by (zi, Z2) ^— ^ (qzi,q ^ Z2)- Here we will show that the refined partition 
function of Xq is given by similar generating function for which the equivariant action is 
given by {zi, Z2) ^ {qzi,t~^Z2)- The generating function is given by 

00 

G(y.,y,t,g) = 5^¥.'=X.(Hilb'=[C2]). (69) 

fc=0 

and will be calculated using the localization. The fixed points of Hilb'^[C^] under the above 
two parameter action are labeled by the 2D partitions of n [12]. The weight at the fixed 
point labeled by the partition v is given by [10,27] 

Using these weights the Xy-genus of Hilb^ [C^] is given by 

x,(Hiib'pi)=j:n\=:^. (71) 

I j=i 
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A 



== A 



Figure 5: Toric diagram of partially compactified 0{—l) © 0{—l) ^ P^. 



where i label the fixed points (the partitions of k in this case) and j label the weights at a 
given fixed point, 



Xy(Hllb [C ]) = 2^ [[ _ ^i+a{i,j)^£(i,j))(l _ ^-a{i,j)(j-l-e{i,j)) 

u,\u\=k{i,j)eu ^ 'i J\ ^ I 

And the generating function is given by 



(72) 



I -p-r (1 - ytl+'^(»'i)g^(*j))(l - 

(1 _ tl+a{i,i)g^{*>i))(l - t-a(*j)g-l-^(*j)) 



(73) 



The above generating function can be simplified to an expression which can be compared 
with the refined vertex calculation more easily, 



(74) 



X 



Now we will calculate the refined partition function of the CY3-fold Xq. The toric diagram 
of the CY3-fold Xq is shown in Fig. 5. In this case the topological string partition function 
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is given by 



A 

oo 



V i,j=l 

For Qi = we get the perturbative (in the gauge theory sense) contribution. The instanton 
part is then given by 

= Y.(-Q,r<i ^ ^ ^ z.MzA<i.t)\{[ ) 

= Y.{-Q,tW^t^Z,{t,q)ZA<l.t) 

V 

The above partition function is exactly the generating function of the Xj^-genus after the 
identification 

v^-Qx. y^Q2^\. (75) 

5.3 C(0) e C>(-2) ^ 

This geometry can be obtained from local x by taking the size of one of the P^ very 
large. This limit gives two copies of 0(0) ©0(— 2) 1— >-P^. 
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a) b) 

Figure 6: Two possible choices for the preferred direction, the internal line (a) and the 
parallel external lines (b). 



In the usual topological vertex formalism the partition function is given by 
Z{q,Q) = $^Ql''l(-l)l''IC00.(g)(-l)l''lg^C00.*(g) 

V 

U V 

OO -j^ CXD 



fc=i 



Exp X] 



f / H — 

n(02 — n 2 
n=l ^ ^ 

In this case to define the refined partition function we have two choices for the preferred 
direction as shown in Fig. O The refined partition function for the case (a) of Fig. E] is given 
by 



(76) 



Z{t,q,Q) = 5^Ql'^l(-l)l'^IC00,(t,g)/,(t,g)C00,.(g,t) 

V 

= Y.{-Qt%{t, q)ZAq, t) q^ Ut, q) 

V 



(77) 



E 
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The partition function for case (b) of Fig. [6] is given by, 

zit,q,Q) = 5^gi^i(-i)i'iC0A0(t,g)/A(t,g) C^A*00(t,g) (7J 



A 

oo 

J2^Q\flPsAt-nsAq-n= n {^-Qq"t'-'y 



Exp E 



gnu 



^ n[q2 — q~2j{t2 — f^j 

The partition functions corresponding to the two choices are actually equal to each other 
(after scaling Q by \/qJt) as can be seen by using the summation formulas for the Macdonald 
functions. 

5.4 Another toric geometry: C^/Z2 x Z2 

The geometry in Fig. [7] is an interesting geometry consisting of a vertex with all non-trivial 
representations in the middle. In the limit of vanishing Qi and (with A = 0), i.e, sending 
the lower and upper-most vertices to infinity, we recover our previous result for the conifold. 

The refined partition function is given by 

^ = 5Z(-^i)'"(-^2)l^l(-g3)''^'Q0A(t,g)C^M-A*(g,t)C^*00(t,g)C0,*0(t,g) (79) 

A,/j,v 

= E i-Qiy'^q^t'^Z^{t,q)ZAq,t) (-) ' s,y,{q-H-'')s,/,{q-H-n 

X s^{-Q2t-P)s,t{-Q3q-f') 

^ llMllj^- ~ (1 - q-m-^'-'^){l - Q, q-^.~P^t-f^) 
= ^ ^ ' ^ Z,{t,q)ZAq,t)\[^ {l-Q,Q,q-^^--lH-^^^y-) 

Note that for Qi = the product representation of the refined partition function is consistent 
with having two P-'^'s with normal bundle (9(— 1) © 0{—l) such that the sum of the two P^'s 
can be deformed into a P^ with normal bundle 0(0) © 0{—2). 
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Figure 7: A toric geometry with three P^'s. 



5.5 Local X 

In this section, we will use the refined vertex to calculate the refined A-model partition 
function for the local x P^. The toric geometry for this case is shown in Fig. [81 The 
parallel horizontal edges in the rectangle correspond to the base P^. We cut the toric diagram 
perpendicular to these parallel lines following [6]. The 2D partitions on the parallel edges 
will be denoted by ui and z/2. The half of the toric diagram corresponds to a geometry 
(9(0) © 0{—2) \—>- P^ with a stack of D-branes on the two parallel edges in the representation 
i'i,i'2- We denote the open topological string partition function by Z^j^^^^{t,q,Qf) where 
Tf = — log Qf is the Kahler parameter of the fiber P^. The two parts of the toric diagram 
are identical. This implies that the open topological string partition function associated with 
both sides is the same, Z^-^^iy^(t, q, Qf). The only subtlety arises in how these two open string 
partition functions are "glued" together to form the closed string partition function. This 
gluing information is contained in the normal geometry of the base curve and determines 
the framing factors. 

From the toric geometry. Fig. [HI it is clear that locally the two P^'s corresponding to the base 
curve (the upper and lower parallel edges) are 0(0) ©C(-2) ^^ P^ and 0(-2) ©C(0) ^ P^ 
Therefore the framing factor with the top edge is /^^ (t, q) and with the lower edge is fuiili t)- 
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Z/2 



Zv^,v2{t,q, Qf) 



(a) 



(b) 



Figure 8: (a) Toric diagram of local x P^, (b) a slice of the toric diagram used to compute 
the partition function. 



With this choice of framing factors the generalized partition function is given by 



(80) 



where 



Q 



ii4ii^-i^2 



-1)1-1 



t 2 



and 



{t,q,Qf) = 5^(-g/)I^ICA*0.,(t,g)/A(t,g)QA.*(t,g) 

A 

= q^+^Z,,{t,q)Z,t{t,q) 

ml 

J2{-Qf)\^\s,{t-^q-''^)h{t,q)(^) ' t'^s.it-^^q-n 

A 

■Z,,{t,q)Z,.{t,q) n (l - Qff-'-"'- q^-'^A~' . (81) 



X 



g 2 2 



^,3 



Z0,<lii'tyQjQf) is the partition function of 0(0) © 0{—2) P^. We can separate out the 
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contribution which is independent of Qb and write the above partition function as 

Z{Qb,Qf,t,q) — Zpert{Qf,t,q) Zinst{Qb:Qf:t,q) 

Zpert{Qf,t,q) = Z(i,^(ij{t,q,Qf) Zii,^(D{q,t,Qf) 

Z9,(i){t,q,Qf) VVg/ / WtJ J Z^^^{q,t,Qf) 

;i-g/f-V)(i-g/g-it^) 



1^1, 1^2 
OO 



5.5.1 Pcirtition function from instanton calculation 

The partition function of the 4D gauge theory was calculated by Nekrasov [3]. The 5D 
partition function which is the one A-model topological strings compute is a q-deformation 
of the 4D partition function [10, 11, 14]. 

The partition function can be calculated once the weights of the U{1) x U{1) action at the 
fixed points arc determined. The fixed points arc labelled by a set of 2D partitions (in the 
U{N) case), therefore, for a fixed point labelled by {ui, • • • , u^} the weight W{i'i, • • • , u^) 
is given by 

N 

W{iy,,--- ,J^n)^ l[N{ua,iyb) (82) 



a,b=l 



where 



i-Qahqn'-^ 



n- 



,,=1^ Qabq-^'''^n-<i^'-'' 
and —\ogQab are the Kahler parameters. The partition function is then given by 

N 

7U{N) _ 

tieory 

z^i,i/25-" ^^N a,h=l 
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The above partition function computed from the gauge theory side is the A-model partition 
function of the Calabi-Yau threefold which gives rise to 5D supersymmetric gauge theory, 
via M-theory compactification, with zero Chern-Simons coefficient. 

For N = 2 the partition function in Eq. (I83l) can be simphfied to the following expression 
(Q = Qj,QQ = qi) 

^^^SLhoo., = 5^ql^^l+I^^IZ(z/l,z/^;Q,t,g) (84) 



1^1,1^2 



/(7\ kll + kzl II ,||2 II ii2~ ~ ~ ~ 

G{ui,U2,Q,t,q) = ; — — J — ■ 



It is easy to see that the above gauge theory partition function is the same as the refined 
partition function of the last section. 



5.5.2 Spin content of BPS states 



In this section, we list the spin content of various curves obtained from the refined partition 
function. A basis of i?2(IP^ x P^) is given by {i?, F} such that 

B ■ B = F ■ F = 0, B-F = 1. (86) 

The class nB + mF has a holomorphic representative if n, m > 0. The genus of such a curve 
is given by 

g{nB + mF) = {n - l){m - 1) . (87) 

From the refined partition function we can extract the spin content of the various states 
coming from C G H2{X,Z). In the table below we list the spin content for certain Cn,m = 
nB + mF. 
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B + mF, m > 


(0,m + i) 


2B + 2F 


(i,4)©(0,f)©(0,|) 


2B + 3F 




©(i,5)S 


)(i,4)© 2(0,1) ©(0,1) ©(0,1) 


OJD ^ O-T 


(2,f)© 


(|,7)©(|,6)©3(l,f)©2(l,^)©(l,|) 




©(|,7)( 


B 3(1,6)6 


D 3(i,5)© 2(i,4)© (1,3) ©4(0,^) 




©3(0, 1) 


© 3(0, 1) 


©(0,|)©(0,|) 


3S + 4F 


(3, f ) © 


(1,9) ©( 


|,8)©3(2,f)©(|,9)©2(2,f) 




©4(1,8) ( 


B(i,f)a 


)(2,f)©4(|,7)©7(l,f)©2(i,8) 




©(0,f)6 


32(|,6)( 


D 6(1, f) ©7(1,7)© (0,f)© (|,5) 




©5(1,^) 


©8(i,6) 


©7(0,f ) ©2 (l,f) ©6 (|,5) 




©6 (0, ^) 


© (I'i)^ 


B4(l,4)©7(0,|)©2(|,3) 




©4 (0, 1) ( 


B(i,2)© 


3 (0,1) ©(0,1)© (0,i) 



5.6 Local ¥m 

In this section, we will use the refined vertex to calculate the refined partition function for 
the local F.^, m = 0, 1,2. The case m = (local x P^) has already been discussed in 
the last section. As we saw in [6], the partition function for local differ just by framing 
factors along the edges which label the instanton charge (the edges corresponding to the 
base P^). This continues to be the case for the refined partition function for local F^- 

The toric geometry for these cases is shown in Fig. [91 The parallel edges in the polygon 
correspond to the base P^. We cut the toric diagram perpendicular to these parallel lines 
as we did for the local P^ x P^. The 2D partitions on the parallel edges will be denoted by 
Ui and z/2. The half of the toric diagram corresponds to a geometry O{0) © 0{—2) h-> P^ 
with a stack of D-branes on the two parallel edges in the representation ui, V2- We denote 
the open topological string partition function by Zy^^i,^{t,q,Qf) where T/ = — logQ/ is the 
Kahler parameter of the fiber P^. Zu^^y^{t,q,Qf) was calculated in the last section and is 
given by Eq. fIST]) . Although the two parts of the toric diagram look different (except for 
m = in which case they are identical) they are related to each other by an SL{2, Z) 
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Figure 9: Local Fm : m = 0, m = l, m = 2 . 



transformation. This implies that the open topological string partition function associated 
with each side is the same, Zy^^y^{t,q,Qf). Thus the difference arises only in how these 
two open string partition functions are "glued" together to form the closed string partition 
function. This gluing information is contained in the normal geometry of the base curve and 
is what determines the framing factors. 

From the toric geometry, Fig. [9l it is clear that locally the two P^'s corresponding to the 
base curve (the upper and lower parallel edges) are 0{—m) © 2 + m) i— > and 0{—2 — 
m) © 0(171) P^. Therefore the framing factor with the top edge is fy^^^{t.,q) and with 
the lower edge is fU^'^^{q,t). 

Using the above framing factors the generalized partition function is given by 

We can write the above partition function as 

Z^'^HQ.^Qf^t^q) = zl':J,{Qf,t,q)zl::^,iQ,,Qf,t,q) (88) 

where Zp^^^{Qf, t, q) is a function only of Q/ and, in the field theory limit, it gives the pertur- 
bative prepotential of the theory. zf^|(Qf,, Q/, t, g) depends on Qi, and gives the instanton 
correction to the prepotential in the field theory limit. Although Qf and Qh are on the 
same footing in the topological string theory we write the partition function this way to 
simplify the expressions and to be able to compare with the m = case, which corresponds 
to Nekrasov's partition function. 
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t, Q) = Z^dt, q, Qf) Z0dQ, t, Qf) =\{{l-Qft' q'~')-' (1 - Q/ f^' q^' ■ 



,,i||2 ii,,t||2 



Z(i,,(i,{q,t,Qf) 

where 



"^"77T77T = ^ Zu,{t,q)Z,t{t,q) [[- — - 

Z<i),<i)[t,q,Qf) ij^^^-Qft 



(89) 



The expression for the z\^]^{Qi), Qf, t, q) can be simphfied to become 

Z.UQ^,Qf,t,q) = 5^gl-l+l-lg;l-l(_i)™(l^.l+l^2|) (^|)^(ll-ll^+"^^ll^)^fW.o-(^2)) 



5.6.1 Spin content of BPS states: local Fi 

In this section, we list the spin content of some curves obtained from the refined partition 
function given in Eq. (l90l) for the case m = 1. Fi has a two dimensional H2{¥i) with a basis 
given by B and F such that 

B ■ B = -1, F- F = 0, B-F = 1. (91) 

A class nB + mF has a holomorphic curve in it if m — n, n > 0. The arithmetic genus of 
such a curve, C = nB + mF, is given by the adjunction formula, 

g{nB + {n + k)F) = ~ ^^^"^ ~ + k{n - 1) . (92) 

Since Fi is the one point blowup of there is a different basis {if, E} of H2{¥i) which will 
be useful for us later, 

H = B + F, E = B (93) 

H-H = 1, E-E = -1, H-E = 0, 
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where E is the exceptional curve obtained by the blowup and H is the basic class of in 
given by linear polynomials. It is clear that the invariants of the curves B + F,2[B + 
F),3{B + F), - ■ ■ will be the same as the invariants of the curves H, 2H, 3H, • • • in local P^. 



• B + kF: These curves are of genus zero for all A; > 0. The moduh space of such curves 
is given by P''"^ where d — —C ■ Kp^ — 2k Therefore, the left spin ji — and 
right spin jn^k, 

Ni^l'kF =SM,oS,,,k. (94) 
This is exactly what we get from the refined partition function. 

• 2B + 2F: This curve is also of genus zero, and since 2(B + F) = 2H the moduli space 
is given by P^, the space of quadratic polynomials in P^ (up to overall scaling). Thus 

N^B%i=S,.,oS,,,l. (95) 

This is exactly what we get from the refined partition function once multicovering has 
been taken into account. 

• 2B + 3F: This curve is of genus one. The spin content from the refined partition 
function is 

(i4)e(o,|)e(o,|). 

• 2B + 4F: This curve is of genus 2. The spin content from the refined partition function 
is 

(1, ^) © (I, 5) © (i, 4) © 2 (0, 1) © (0, 1) © (0, 1) . 

• 2B + 5F: This curve is of genus 3. The spin content is given by 

(i, 7) © (1, f ) © (1, f ) © 2 (i, 6) © (i, 5) © 2 (0, ^) © (i, 4) © 2 (O, |) © (O, |) © (O, |) . 

• 3B + 3F: This curve is of genus 1. The spin content is given by 

(I, I) ©(0,3). 

Note that this is also the spin content of the curve 3H in local P^. 
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• 3.6 + 4F: This curve is of genus 3. The spin content is given by 



(|, f ) © (1, 6) © (1, 5) © 2 (i, ^) © (0, 6) © 2 (|, I) © (0, 5) © (i, |) © (0, 4) © (0, 3) © (0, 2) 

• 3.B + 5F: This curve is of genus 5. The spin content is given by 

(|, f ) © (2, 8) © (2, 7) © 3 (|, f ) © (1, 8) © 2 (|, f ) © 3 (1, 7) © (§, f ) © (|, ^) 

© 4 (1, 6) © 5 (|, f ) © 2 (0, 7) © 2 (1, 5) © 5 (|, f ) © 3 (0, 6) © (1, 4) © 4 (|, |) © 5 (0, 5) 

© 2 (i, I) © 3 (0, 4) © (i, I) © 3 (0, 3) © (0, 2) © (0, 1) . 

• AB + 4F: This curve has genus 3. The spin content is given by 

(I, 7) © (1, ^) © (i, 6) © (I, 5) © (i, 4) © (0, f ) © (0, 1) © (0, 1) 

This is also the spin content of the curve 4i7 in local P^. 

• 5B + 5F: This curve has genus 6. The spin content is given by 

(3, 10) + (I, f ) © (2, 9) © (2, 8) © (2, 7) © (I, f ) © (|, f ) © 2 (|, f ) 
©(|,f) © (|,^) ©(1,9)© 2(1,8)© 2(1,7)© 2(1, 6) ©(1,5) ©(1,4) 

® (I' ¥) ® 2 (|, y) © 3 (i, y) © 2 (|, y) © (|, I) © (|, I) © (0, 8) 
© 2(0, 7) © 2(0, 6) © 2(0, 5) © (0, 4) © (0, 3) © (0, 1) . 

This is also the spin content of the curve 5H in local 

From this example it is clear that although the refined vertex can only be used for a certain 
kind of geometries (those giving rise to gauge theories) the spin content of BPS states for any 
toric CY3-fold can be obtained by embedding this toric CY3-fold in another toric CY3-fold 
which does have a gauge theory interpretation. For example, the refined vertex can not be 
used to determine the refined partition function for local P^ but since one point blowup of 
local P^ is local Fi which does have a gauge theory interpretation therefore spin content of 
BPS states coming from local P^ can be obtained from the refined partition function of local 
Fi. We fist the spin content of first few BPS states for local P^ in the table below. 
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Cn = nH 




TJ 

n 




2H 


(0,1) 


3H 


(1,1) ©(0,3) 


AH 


(|,7)©(l,^)©(i,6)©(|,5) 
©(i,4)©(0,f)©(0,|)©(0,|) 


5H 


(3, 10) + (|, f ) © (2, 9) © (2, 8) © (2, 7) © (|, f ) 
© (|, f ) © 2 (|, f ) © (|, f ) © (|, ^) © (1, 9) © 2(1, 8) 
©2(1,7) © 2(1,6) © (1,5) © (1,4) © (i, f ) © 2 (1, f ) 
© 3 (i, f ) © 2 (i, ^) © (1, 1) © (i, 1) © (0, 8) © 2(0, 7) 
© 2(0, 6) © 2(0, 5) © (0, 4) © (0, 3) © (0, 1) 



5.7 An SU{'i) geometry 



In this section, we will use the refined vertex to calculate the partition function of a certain 
CY3-fold which gives rise to compactified 5D supersymmetric SU{?>) gauge theory with 
Chern-Simons coefficient m. 

The refined partition function is given by 

Z= Qi7^Qi7^Qm^Z^u^2,us{t,q){f::^\t,q)f-^^^^^^ (96) 
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where 



^1^1,1^2,1^3 



X 



X 



X 



-Qi)i'i(-Q2 

' . „ N I Im|P-|mI 1^2 



q^Z,,{t,q)s,{t-Pq-^- 

it'iiP+ik2H^+ik3ii^ ~ ~ ~ 
q 2 Z^^{t,q)Z^^{t,q)Z^^{t,q) 



r, A 

l^llP + ik2ll^ + ll'^3ll^ 



Z,, (t, g)Z,,(t, g)Z,3(t, g) n (1 - ^1 t'-'^'-^'^'^q 



l/2-ul i-l/2-U2,j\-l 



(1 - Q^t^-'/^'^^q'-'^^-^'-yil - QiQ2t'-'^^-<^q 



In the above expression — logQi and —log are the Kahler classes of the P^'s in the fiber 
and Qbi,b2,b3 are given by [7] 



Q 



bl 



m ,nm+i,n(™~i)(i^'^"i.o) 



(97) 



Vb2 — VfcV2 
Qfc3 = QbQ'T'^ ■ 



This is exactly the K-theoretic version of the Nekrasov's partition function as can be verified 
by using the weights of the torus action given in [10]. 



5.8 An SU{?>), Nf = 4: geometry 

In this section, we will compute the refined partition function for the CY3-fold which gives 
rise to SU{3) gauge theory with adjoint matter via geometric engineering. This CY3-fold is 
a blowup of a resolved A2 singularity fibered over P^. The toric diagram of this geometry 
and the choice of the preferred direction for each vertex is shown in Fig. [TOl 
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Figure 10: The web diagram of the CY3-fold giving rise to SU (3) gauge theory with A^^^ = 4. 



The refined partition function for this geometry is given by 

z - E i-Q^y^'^ ■ ■ ■ i-Q^y^'K-QiP^ ■ ■ ■ i-Q^f'K-Qiy^'^ . . . i-Qsf'^ 

{w},{^'i}.{-^<} 

X Cxif^idiit, q)C xiiuiiQ, t)C(t^i^,,{q, ^)'^0/^2i'J Q)Cx2H34i't^ x^^t^y^iq, t)C0i^i^^{q, t) 
X C^ix44{'t, q)Cx3$i,i{t, q)Cxi^j,yt){q, t) 

E {-Qit'\ . . . (-Q4)i''^i(-Qi)'^^' ■ ■ ■ {-QAt'\-Qit'^ . . . {-Qzt'\ 

X g 2 t 2 (^-j Zy^[q,t)Z^t^[t,q) . . .Zy^[q,t)Z^t^[t,q) 

X sxi/,At-ns,,/,,{q-nsxAq-'t-''')s,i{^^^^^^ 

= j:{-Q^r^ . . . (-Q4)l-lg '"'""^"'"^"^'"^""^"'""' ^.(g, t)Z^l{t, q)... Z^M t)Zyiit, q) 

(1 - Qiq-PH-^^'^-P^Xl - Qiq-^^^'i-^H-P^Xl - Q2q~''*^-^~^'t-''^-*'^^)ii - (53?"''^,i-Pii-^'2,,-Pi) 



oo 

X TT 

(1 - gigi?-^2,,-Pi+l/2^-r.i,i-p,-l/2)(l _ Q3g4g-'^li-ft-V2^-z.3.i-p^+l/2) 




Figure 11: Three different slicings of the same toric diagram. Short red hnes indicate the 
"instanton" direction. 

Using the results of [3], it is easy to show that the above partition function is the same as 
the compactified 5D gauge theory partition function. 



5.9 Slicing independence of the partition function 

To show that the partition functions defined by the refined vertex are independent of the 
chosen "instanton" or the preferred direction consider the toric diagrams shown in Fig. [TT] 
For this diagram we can choose the preferred direction in three different ways. Partition 
function for Fig. [TTlfa) is given by 

^ = 5^(-Qi)'"(-Q2)i^iC0A0(t,g)C^A*0(g,t)C^*00(t,g) (98) 



E(-^i)'"(-Q2)i^|^A(g-'') E (-) ' v/.ro^Av.ro s,{t-n 
E(-)^ (E^A(-^i^'')^^v.r')) (E^At(-Q2t-'')v/.(?~' 

»? ^ V A / \ fJ. 

°° /f \ — 

- Qiq-''t-f^){l - Q2q-''t-P^)Y, [-) ' sA-Qi<l~'Wi-Q2t-n 

i,j=l 1] ^ 

l-QiQ2J\q-P^t-P^ 
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The partition function for Fig. [TlT b) is given by 

^ = Y.^-Qit\-Q2t^Cuu{t,q)C^Xu^{q,t)C^^.^{t,q) (99) 

I/, A 

= Y.^-Qit\q^t^Z,{t,q)ZAq.t) [Y.^-Q2t\sx{t-^ q-'')sAq-> 

V A 

2 t||2 _ _ °° 

= Y.{-Qx)^'\-^t^ Z,{t,q)Z,^{q,t) W{\-Q2t-<'^q-<'^-''^) 



2 ii.,t||2 



n(l-Q2g'''r''0 Y.^-Qxt\q-^t^Z,{t,q)Z,M.i) n (i-Qst-^'g-^^-^^^: 



The partition function for Fig. [TlTc) is the same as that of Fig. [TlTb) after changing v ^ . 

Thus for the partition function to be independent of the preferred direction requires the 
following identity: 

Y.{-Q.rq'^^'^ZAt.q)ZAq.t) JI (1 - ) = f] ' " ^""'"^ 



which can be written in terms of Macdonald function Pyiy^] t, q) as 

J2PA-Qit-';q,t)PAq-';t,q) U ii~Q2t-''q-'^-'') = fl ^ ~ V''^ 

i,j=i 1 - Q1Q2 \ q-P^t~P^ 

For Q2 = this is a well known identity (Example 6, page 352 of [25]). For Q2 7^ we have 
verified the above identity up to Q\. This irrelevance of the chosen preferred direction is the 
manifestation of duality between supersymmetric Af = 2 gauge theories with gauge groups 
SU{M)^-^ and SU{Ny^-^ as conjectured in [2]. 

6 Conclusion 

In this paper we constructed a refined topological vertex which was used to determine the 
generalized partition function encoding left-right spin content information. The derivation 
of the refined topological vertex depended upon insights from the instanton calculus. From 
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the very beginning it was clear that the cychc symmetry of the topological vertex will have 
to be sacrificed in order to obtain a refined vertex if the instanton calculus is to be our guide. 
Whether a refined vertex exists which is cyclically symmetric and can be used for all toric 
geometries, unlike the refined vertex which is not suitable for geometries that do not give 
rise to gauge theories, remains to be seen. 
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7 Appendix A: Derivation of the Refined Topological 
Vertex 

In this section, we will review the correspondence between the 3D partition and the topo- 
logical vertex following [15, 22] and use the formalism of 3D partitions to define a "vertex" 
which depends on infinitely many parameters. A specialization of this "vertex" will be the 
refined vertex. 

7.1 Young diagrams and skew partitions 

Let V = {ui > z>'2 > 1^3 > • ■ ■ I > 0} be a Young diagram, i.e., a 2D partition. We denote by 
l^l the size of the partition, \u\ = z/j, and by £(z/) the number of non-zero z/j. A pictorial 
representation can be obtained by placing i/j boxes at the i*^ position, as shown in Fig. [12] 
for u = {4,3,3,2, 1}. The height of the columns either stays the same or decreases as we 
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1^1 







1^2 






V = 







































i/ = {4,3,3,2,l} 



^/{2,1} 



Figure 12: (a) Young diagram of the partition {4,3,3,2, 1}. (b) The skew Young diagram 
of {4,3,3,2,1}/{2,1}. 



move to the right. The transpose of u is denoted by z/*, 

z/* = {z/*,z/*,---}, z/* = #{z I z/i > j} 



(100) 



We denote by G u the box whose upper right corner has coordinates If (hj) G u, 

then it is clear that (j, z) G z/*. Given two partitions A and u we say A C z/, if G A 
imphes € z/. 

Given two partitions A and u such that A C z/ a skew partition denoted by z//A consists of 
all boxes of z/ which are not in A, 

u/X = {{t,j)eu\it,j)^X}. (101) 

A skew partition u/X for z/ = {4, 3, 2, 2, 1} and A = {2, 1} is shown in Fig. [T2](b). 

In general, z//A is not a 2D partition, i.e., not a Young diagram. But if u is such that 
it has boxes in each row and rows then for A^ > max(Ai,A*) the skew diagram u/X 
is a 2D partition. We will denote by (j[N) the 2D partition for which i{cr{N)) = N and 
cri(A^) = cr2{N) = ■ ■ -(TNiN) = N. In this paper, we will only consider skew partitions of 
the form cr(A^) / z/ and will denote this 2D partition by u'^, 



p'r = N - Vn- 



■i+l 1 



2 = 1,2,--- ,Ar 



(102) 



For z/ = {3, 2, 2} and cr(6) = {6, 6, 6, 6, 6, 6}, Fig. [13] shows the skew partition a{Q)/u. 
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Figure 13: For a partition a{N) and an arbitrary 2D partition z/, the skew partition a{N)/v 
is always a 2D partition, provided > max{vi^ 

7.2 Plane partitions and skew plane partitions 

A plane partition is an array of non-negative integers {vTij | i, j > 1} such that 

TTiJ > Tli+rj+s , r, s > (103) 

Placing TTjj cubes at the (i, j) position gives a pictorial representation of the plane partition. 
In this sense, plane partitions can be regarded as a 3 dimensional generalization of the Young 
diagrams, and they are also known as 3D partitions. The total number of cubes is given by 
|7r| = Yliij -^^S- [IH^) shows an example of a 3D partition. 

A skew 3D partition of shape z//A is an array of non-negative integers {vTj ,,- | (i, j) G z^/A} 
such that 

TTij > TTj+^j+s , r, s > 0. (104) 
An example of a skew plane partition is shown in Fig. [TW b) 

A skew plane partition of shape u'^ will be denoted by 7r(z/). It is clear that '7r(z/) is just 
a semi-standard Young tableau (SSYT) of shape v'^ except that we have to subtract the 
minimal semi-standard Young tableau of the same shape. Since the sum of entries of a 
minimal semi-standard Young diagram of shape A is given by m(A) = zAj, the generating 
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(a) 



(b) 



Figure 14: (a) A 3D partition, (b) a skew 3D partition, 
function for the number of skew plane partitions of shape v'^ is given by 



ttH SSYT,T 



#of I's #of 2's 
X2 



Y[ (1 - 



Xi = q 



(105) 



Where h{i,j) = j — z/j + i — z/j — 1 is the hook length. For z/ = we get the number of 3D 
partitions in a box of size N x N x (yo. In the limit 1— 00 this becomes the MacMahon 
function, nfe^il^ "~ g'^)"'^ [^. From now on we will take the limit ^— 00. In this limit the 
function 



Zii}{q) 



(106) 



^The generating function of 3D partitions is given by the product of q-deformed hook length, [/i(s)]g := 
over the infinite 2D partition, cr(cx)). It is easy to see that the generating function of 2D 



h(s)\ 



partitions rifcLi(l ~ is given by the product of q-deformed hook lengths over the infinite ID partition. 

However, the product of q-deformed hook lengths over the infinite 3D partition is not the generating function 
of 4D partitions. 
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(a) The hook length of a box G u^, (b) The hook length of a box G z/, 

hih j) = j - i^i + i- ^] - 1 h{i, j) = - j + z/j - 2 + 1 



Figure 15: The hook length for u and u'^ is defined in the usual way. Note that the orientation 
of the hook in u and u'^ agree if we rotate z/^ by 180° 



can be written as a product over u of q-deformed hook lengthq 

ZM = ll{l-q'^'''Y\ h{z,j) = u,-j + u'^-t + l (107) 

= g^ g^ ■ ■ ■ ) = ^'^^.^ ■ ■ ■ ) • 

ll'^ll^ ~ 

Apart from the framing factor the function Zi,{q) is just the one-partition topological 

vertex, 

Cuu{q) = q^Mq). (108) 

As discussed in [15], the topological vertex with all three non-empty partitions is related to 
the combinatorics of skew 3D partitions in which the "hole" in the partition is along all three 
axes. More specifically, we imagine that the region behind the asymptotic 2D partition in 
all three directions is excised. 

The boxes are placed in the positive octant of whose coordinates we are going to 
denote by {x,y,z). Let us associate the {x,y) plane with the (z,j) plane. Given a 3D 
partition vr as a stack of cubes in the positive octant of we can reconstruct the array 
of non-negative numbers the height of the stack of cubes, i.e., height function 

defined on the (x, y) plane. However, we can obtain a different array of non-negative numbers 
TT* ;, {Trf^k) by considering the height of the stack relative to the {y,z) {{x,z)) plane. This 
transformation is the analog of the transpose for the 2D partitions. 



^Proof of this is given in Appendix C for the two parameter generahzation, this identity follows by setting 
q = t. 
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We can define a generalized skew plane partition 7r(A, fi, v) as an ordinary 3D partition from 
which cubes at (i, j, k) are removed if G z/, or (j, A;) G /i or G A, 

7r(A,^,z/) = 7r\{(2,j,A;)|(2,j) G z/} U {(z, j, A;)|(j, A;) G /i} U {(z, j, A;)|(A;, ^) G A}. (109) 

Then we can define the generating function for the number of generalized skew plane parti- 
tions of shape (A, /x, z/), 

Zx^.M)= ■ (110) 

7r(A,/i,z^) 

It is clear that Zx^u{q) = Z^xyt[q). The cyclic symmetry of the function is related to the 
transpose of the 3D partition, 

7r(A,/i, z/) = 7r*(/i, z/, A) Zx^^uiq) = Z^^x{q) (HI) 
7r(A,/i, z/) = 7r"(z/, A,/i) Zx^u{q) = Z^xM) 

Apart from the framing factors Zx^u{.l) / Z{ii%%{q) is equal to the topological vertex [15]. To 
calculate Zx^uil) we use the transfer matrix approach following [15,22]. 

7.3 Transfer matrix approach and Schur functions 

To a 3D partition tt we can associate a sequence of 2D partitions, {?7(a) | a G Z}, by taking 
diagonal slices of tt as shown in Fig. fTBTa). 

?7(a) = {-Ki+a^i I i > max{l, -a + 1)} . (112) 

These diagonal slices are perpendicular to the (x, y) plane and their projections on the base 
are given by a set of equations parameterized by a G Z: x ~ y = a. 

Each slice obtained from the plane partition will be a 2D partition. Since these 2D partitions 
come from a plane partition, they satisfy the interlacing condition. Two 2D partitions fi and 
z/ interlace, /i z/, if: 

fJ-l > 1^1 > fJ'2 > 1^2 > ■ ■ ■ (113) 

The diagonal slices {f]{a) | a G Z} of a 3D partition tt are such that 

T]{a+1) y r]{a) , a<0, (114) 
ri{a) >- rj{a + 1) , a > . 
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(a) (b) 

Figure 16: (a) The diagonal slicing of the plane partition: we end up with a series of 2D 
partitions that obey the interlacing condition Eq. flll4p . (b) The slices are parametrized by 
integers 



There exists a very useful set of coordinates to describe the 2D partitions called the Frobenius 
coordinates: 

1 1 

ai = + -, hi = + -, i = 1, 2, ■ ■ ■ , d{n) (115) 

where d{^) is the number of squares along the diagonal of /i. In terms of Frobenius coordi- 
nates, one can relate certain fermionic states to the 2D partition 

d 

\^^) = X{raM^) (116) 

i=l 

where V'a, ■?/'*, aGZ + 1/2 are the generators of the Clifford algebra satisfying the following 
anti-commutation relations: 

{ija,M = 0, {^:, A*} = 0, {^a, A*} = 5a6. (117) 

One can define operators analogous to creation and annihilation operators which can be 
written in terms of the modes J„ of the fermionic current 
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The modes J„ of the fermionic bihnear are such that 

J„ = ^ ^k+nrk, n = ±l,±2,--- , (119) 

and satisfying the commutation relations 

[Jn, Jm] = -nSn+mfi , [Jn, Ipk] = ^fc+n , [Jn, Vkl = 'i'l-n ■ (120) 

The operators T±{x) satisfy the following commutation relation, 

r+(x)r_(2/) = (1 - xy)r.{y)r+{x) (121) 

The relevance to the creation and annihilation operators becomes more evident if their action 
on a state corresponding to a 2D partition is considered: 

n r+(x,)|A) = J2 VA(a^i, ^2, ■ ■ ■ )l/i) (122) 

i /I 



Since 

„ = / ^' ^ ^ 

^/"^^ \ 0, otherwise. 

it follows from Eq. ffT22|) that 

r+(i)|A) = 5^1/.), 



(123) 



r-(l)|A) = (124) 

The generating function of the number of plane partitions ^31? (g) := 00(g) can be now 
expressed using F-t as 

Z,n{q) = (01 (ng^'T_(l) ) ( n T4l)qA |0) (125) 

\t=0 / \t=-oo / 

where Lq is the Hamiltonian such that the operator moves a diagonal slice by one unit. 
The action of the operator on a state corresponding to a 2D partition is defined as 

g^°|/i)=gl'^l|/x) (126) 
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The intuitive way of understanding the form of the partition function in terms of the creation 
and annihilation operators is straightforward: we start with the shce at a = — oo with the 
empty set and act on this shce with r+(l) to create ah possible partitions as a sum. On the 
next slice (as we go from a = — oo to 0), we apply the creation operator on this sum, we again 
create all possible partitions such that they interlace the partitions in the previous slice. We 
keep acting with r+(l), until we hit the main slice a = 0. The main slice is where we start 
applying the annihilation operator r_(l) which destroys the previously created partitions, 
essentially by "creating" 2D partitions on the slice a that are interlaced by the partitions on 
the previous slice a — 1, for positive a's. This procedure, with the operators g-^^'s, gives the 
sum of g''^' over all possible 3D partitions satisfying the interlacing condition that we stated 
before. Note that r_ acting on the vacuum gives zero, so we can move the r_'s to the right 
to act on the vacuum, and use the commutation relations between F-t's each time we pass 
them through each other. In [15], it is shown that Z^£){q) is actually the McMahon function; 



7.4 Partition function with an infinite number of parameters 

In the previous section, we briefly outlined the systematic way to compute the partition 
function ZsoIq)- We assumed that the partition at each slice is counted with the same 
parameter q. In this section, following [22] we want to describe the generalization of this to 
an infinite number of parameters and show that this generalization gives the same partition 
function when the different parameters on each slice are set to be equal to each other. Let 
us begin with the case when A = /i = and then we will allow A and /i to be non-trivial. 
We keep our convention from the previous section that an integer a is used to describe each 
slice and we associate the parameter to each slice. For a 2D partition z/, we can divide the 
corners of the pictorial representation of the corresponding partition into two groups: inner 
and outer corners. We parametrize the inner and outer corners by their coordinates, Vi and 
Ui respectively, of their projection onto the real line as shown in Fig. [T71 It is easy to see 
that [22] 




1 



(127) 



M 



M-1 




M = 7^ of outer corners . 



(128) 
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-5 -4 -3 -2 -1 1 2 3 4 5 



Three inner corners: Vo,Vi,V2 
Two outer corners: Uq, Ui 

{vi,V2,vs} = {-A,-2,3} 
{ui,U2} = {-3,0} 



Figure 17: Inner and Outer corners of the partition u = (4, 3, 3). 



It is convenient to introduce another set of parameters {x^ | m G Z + |} and identify them 
with QaS in the following shape dependent way [22], 



X, 



m+l 



X iX I 



X \X 1 



<im+\ 5 ^ > or Ui — 1 > m > Vi , 



In, ' 

g^+i ) m < or Vi+i -1> m> Ui 



The generating function of the 3D partitions is then given by [22] 

oo 

^3z.(q) = En^i"' = (01 n r-(a:!,^jnr4x:,^J|o) 



fc=— oo 

oo oo 



k=l 



n n i-<^i-:.2- 



ki=l k2=l 



(129) 



(130) 



2 



fc-1 



i=0 

k 

1, = , k>2 



k-l 



i=l 



(131) 



oo oo 



zsniq) = n n (i - n ^ n ^ ^ 

fcl = l k2 = l 1=0 j = l 



fcl-1 fc2-l 



For gj = g , i G Z we get 



^3D(g) = n(i-^ 



fc\-fc 



k=l 



(132) 



(133) 
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Having shown that setting all parameters equal to each other agrees with what we originally 
obtained, we can continue to develop the generalization to non-trivial A and /i. The partition 
function with A = /i = is given by (z/ being the 2D partition in the preferred direction) 

^.(q) = PmM= n (134) 
where H{i,j) is the set of boxes which form the hook of 

The partition function Z^^lq) can be written as a product over boxes of a{oo) such that each 
box contributes a factor of (1 — x)~^ where x is the product of parameters qi intersected by 
the hook lengtlj^. A similar interpretation in terms of hook length exists for the generating 
function of skew plane partitions. 



We define PA/.i.(q) as [22] 



^A..(q)=Eni'^'^' (135) 

7r\-7rQ kGZ 



Where the sum is over all 3D partitions vr such that vr asymptotically approaches A,/i and 
z/ along the three axes and ttq is a 3D partition with the least number of boxes. Each such 
partition vr can be sliced along the diagonal such that we get a 2D partition 7r(a) along the 
diagonal passing through (0,a). In defining Px^ui^l) we weight each slice with a different 
parameter g^. 

For non-trivial A and fi the partition function is given by [22] 

P\f.M = Zr,{q) ^ SAt/^(x+) Vr)(x~) ' (136) 

where x='= = {x^ \m E Z + This is the most general partition function in which each 
diagonal slice is counted with a different parameter. 

At the end of this section, we would like to start talking about how to assign q and t to 
the slices depending on the shape of u to get the generalized partition function from the 
generalized plane partitions. We will leave the physical motivation for the particular choice 
and the details to the next section. 
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i= □ 



(a) (b) 

Figure 18: a) We can trace the profile of a particular 2D partition starting at j = oo and 
going to i = cxD as depicted in tlie figure, b) To each vertical pass we associate a black box, 
and a white one to each horizontal pass. If we put these boxes in a row, then we get a unique 
"finger print" to a partition. The coordinates of the centers are given by the sets D^. 

Fig. [18] illustrates the idea behind our choice: while following the arrows on the boundary 
of the 2D partition, every time we have an arrow pointing down, we assign a black box 
(Fig. [TST b). and every time we have an arrow pointing to the right, we assign a white box. 
The coordinates of the center of these boxes are given by 

Black Boxes : {/i^ - i + ^ | i = 1, 2, ■ ■ ■ } (137) 
White Boxes : {j - /i* - i | j = 1, 2, ■ ■ ■ } 

These coordinates are closely related to the Frobenius coordinates. Note that if we count 
the number of black boxes to the left of the i^^ white box, we get Vi. Similarly, if we count 
the number of white boxes to the right of the j^^ black box, we get z/*. 

We can divide the half-integers into two sets using the function e{n) defined as 

e{n) = + if Vi < n < Ui (138) 
e(n) = — if Ui < n < fj+i 

for < i < M — J^: D'^ = {n\e{n) = +} and similarly = {n\e{n) = —}. The sets 
and D~ are actually the same as the sets consisting of the coordinates of the center of the 
black and white boxes, respectively. 
is the number of outer corners. 
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7.5 Equivariant parameters, boundary of the Young diagram and 
instanton calculus 



The vertex we have obtained so far counts each shce with a different parameter and therefore 
depends on infinitely many parameters. The usual vertex can be obtained by setting all the 
parameters equal to q [15,22]. It is clear that we can obtain the vertex which depends on 
two parameters by some choice of identification between and t, q. It is not clear a priori 
what the map {qa | a G Z} i-^ {t, q} should be. 

However, the relation between the instanton partition functions and A-model topological 
string partition function, via geometric engineering, provides some insight into the possible 
map between the parameters. Recall that the partition function of the 5D compactified U{1) 
theory can be written as [14] 

Z(ei,e2,/5) = Vexpf-^ / /J(ei, e2|a:)/;(ei, e2||/)7.i,e.(a: - A)) , (139) 

where 

(3 f 1, A 3 21 /^anI 1 e"'^"''' 



and fu{^i, £2 1 a;) is the profile of the partition i/ (e2 > > ei), 

CO 

/jy(x|ei, 62) = |a;| + + ei — €2^1 — eii\ — \x — ei — eii\ ~ \x — €2^1 — + |x — eiz|^ . 

i=l 

The profile of the partition controls the contribution of the partition to the partition function. 
The parameters — ei and €2 are the height and the width of the boxes in the partition as 
shown in Fig. [191 Since these 2D partitions on the edges are the boundaries of the 3D 
partitions therefore the height and the width of the 3D box is exactly — ei,e2 as shown in 
Fig. EDI 

Hence in constructing the 3D partition from the diagonal slices as we move the slice towards 
the left we move it an amount — ei and as we move it upward we move it an amount €2- In the 
transfer matrix formalism this implies that different diagonal slices are counted with different 
parameters e~^^ and e*^^. Since the shape of the partition v in the z direction determines 
the left-ward and upward motion of the slice therefore slices are counted with e~^^ and e'^^ 
according to the shape of the partition v. 
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Figure 19: The profile of tlie partition is drawn bold; a) shows the 2D partition for the self- 
dual case €2 = — ei, whereas b) shows the same partition for the non self-dual case ei 7^ £2 
(62 = -2ei) 




£2 = -ei 



(a) 



€2 = -2ei 
(b) 



Figure 20: a) The figure shows the partition along the preffered direction for the self-dual 
case for the toric diagram 0{—l) © 0{—l) ^ P^. b) the same as in a) but for €2 = — 2ei. 
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Figure 21: Slices of the 3D partitions are counted with parameters t and q depending on the 
shape of u. 

7.6 q, t slices and the boundary of the Young diagram 

The generating function of 3D partitions is not difiicuh to calculate since we need only to 
specialize the parameters g^. From the discussion in the previous discussion it follows that 
for = 0, 

( t, a > ,^ ,„^ 

^"=|g, a<0. (^^0) 

The partition function Zj,d{c^ becomes 

oo 

Z^n{t,q)=W{\-t\^-'). (141) 

But, in general, the shape of v will determine whether a slice is counted with parameter t or 
parameter q. 
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h{n) 



a(n) +£(□) + ! 



a{a) = ^ of boxes on the left 
i{n) = 7^ of boxes below 



a{a) 

Figure 22: Zi,{t, q) is the Hook series of the complement of u. 



For a non-trivial z/, the map between {x^ | m G Z + |} and {t, g} is given by 

{x+|meD+} = {tV'^»|z = l,2,3,---}, (142) 
{x-|meD-} = {q^~H-'''^\j = 1,2,3, ■■■}, 

where is the set of black boxes and is the set of white boxes in the Maya diagram 
(Fig. [TST b)) of z/. If we consider the z*'^ white box from the left side, the number of black boxes 
to the right of this box is given by Ui. This implies that there is one to one correspondence, 

{(mi, m2)\mi E , m2 E , nii > 1712} ^ {(hj) ^ t^}, (143) 

and therefore 

{(mi,m2)|mi E ,m2 E ,mi < 1712} — 4- (144) 

which implies that 

z.= n (1 - = n (1 - Q'""-'t"''^r' (145) 

For z/ = 0, 

00 

Z0(t,g) := M{t,q)=l[{l-fq^~YK (146) 
M{t, q) is a two parameter generalization of the MacMahon function. 
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a{i,j) 



h{n) = a(n) +£(□) + 1 

a(n) = 7^ of boxes on the right 
£(□) = ^ of boxes on top 

S(4 21)(Q') = (l-g)3(l_g2)(l_^g3)(l_g4)(l_£,6) 

^(4 21) (^,9) = (l_f)3(l_t g)(l_t2 g)(l_t2 g2)(i_t3 g3) 



Figure 23: A Young diagram u = (4 21). 



If we define q = e**^^, t = e ^"^^ then logM(t, q) is symmetric in ei, 62 (upto an infinite constant) 

eie2 2 V €162 / 12 V eie2 / 24 

_j_ ^ ^ iyi+g2 -^2gi-B2g2-B2gi+2g2-2 ^2gi-1^2g2-l 
9l+S2>2 



(2(7i)!(2(72)!(2^7i + 2(72-2) 



It is easy to show that (Appendix C) if we define 



Z^{t,q) :-- 



Zv{t,q) 



Z0{t,q) 

then Ziy{t, q) can be written as a product over boxes of z/, 

Z,(t, q) = J](l - t-W+ig^W)-i = J] (1 - t^W+ig»(«))-i . 



(147) 



(148) 



The function Zj,(t, q) is a specialization of the Macdonald symmetric function P(x; q, t) [25], 

Z,(t,g) = PAt-'';q,t). (149) 

Thus we see that this particular specialization of the Macdonald function can be interpreted 
as counting skew plane partitions such that the shape of u determines whether to count a 
box with t or q. 



When all three partitions (A, /i, z/) are non-trivial, the partition function (in diagonal slicing) 
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is given by 

Pd^a,{>^^^l^) = (A*| n r_,M(4"))|/x), (150) 

- (A*i n n r+(^ji/^) n 



|r?I/2 



where p= {-|, -§,-§,•••}. 

To convert the above partition function in the diagonal shcing to the partition function in the 
perpendicular slicing we multiply by gf~"('^*) ^-"{^^) [15]. The perpendicular partition function 
is then given by 



t,,2 i-^i+i^I-ImI 



The refined topological vertex is given by 

= (162) 

ImIP |»?| + |A|-|hx| 

The functions /(i/) and g{y) are such that 

/H+^H = MP. (153) 

This one relation is not enough to fix the two functions f{v) and g^u) therefore we will 
make a choice here and take g{v) — 0. The one partition topological vertex is equal to 
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a specialization of the Schur function, Sj,t(g and with the above choice of the one 
partition refined topological vertex is equal to the generalization of the Schur function, 

CM.{t, q) = q— Z,{t, q) { \m1 (154) 

[ = (f) PAt-'';q,t). 

where Pi/(x; g, t) is the Macdonald function and q, t) is dual of the Macdonald function. 

As we will show in the next section this choice gives correct A-model partition functions. 
The refined vertex becomes. 



For t — q the above reduces to the usual topological vertex since P^{q f; g, q) — s„{q p). 



7.7 Framing factors 



Recall that the framing factor arises whenever the along which the two vertices arc glued 
has a global geometry other than 0{—l) ©0(— 1) i— >■ P^. For q — t the framing factor is 
given by g 2 . 

Since the two directions orthogonal to the preferred direction correspond to the parameters 
t and q therefore rotations along these directions will be counted with these two parameters. 
Rotating the v diagram along the first row gives extra boxes which we count with the 
parameter t. Then, rotating the diagram along the first column gives boxes which we 

count with the parameter q. Thus, the framing factor along the preferred direction is given 

by 

Mt,q) := (-l)HrM^-n(^*) = (_i)H ^ (I55) 

where we have introduced a factor of (—1)''^' for later convenience. 

The framing factor when t ^ q can also be calculated from the geometry of instanton moduli 
spaces following [28]. The simplest case is to take the U (1) theory with the charge k instanton 
moduli space given by Sym'^(C^) and consider a supersymmetric quantum mechanics on this 
moduli space with coupling to an external gauge field. A shown in [28] the effect of this 
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extra coupling is to introduce an extra term, which is the framing factor, in the partition 
function given by 

gE(i,3)e^{ei(»-l)+e20-l)) ^ ^E(i,j)6i,(»-1) g-E(ij)e^O-l) {^5^) 

— fn{y)^-n{v*) ^ 

This is exactly the framing factor one gets from the combinatorics of 3D partitions. 



8 Appendix B: Gromov-Witten Theory and Refined 
Partition Function: The case of 0{-l) 0{-l) ^ 

It is interesting to consider the case of C(— 1) © C(— 1) from the point of view of 

Gromov-Witten theory [20]. In this case the refined partition function can be obtained from 
the Gromov-Witten theory and has a interesting interpretation from the localization point 
of view which might be useful for other toric CY3-folds. 

The multi-cover contribution is given by [20] 

C{g,d) = /_ Ctop(i?V./x*7V) (157) 

J[Mgfi{^^,d)\'"^'' 

(2^)! 

Where are Bernoulli numbers defined as X]^>o "f^^"* — ^tzr- 

The partition function can be calculated using the multicover contribution and is given by 

oo 

Z = Exp(j]J]A^^-VC(^,rf)) =11(1-^"^)""' ? = (158) 

a>0 d>l n=l 

However, using locahzation C{g,d) can also be written as [20,21] 

C{g,d) = d'^-' Yl ^9^,92, C,,,a2 = b,A2 (159) 

ffl +92=3,51, 2>0 

f 1, for ^ = 

I JMg,i '^1 "^9 — 229-1 (2g)! ' ^ 1 . 
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Essentially the contribution bg^^bg^ is from degenerate worldsheets of genus gi + g2 such that 
the two components of genus gi and g2 map to the two fixed points of X. By weighing the 
contribution the two fixed points differently we get 

Z = Exp( ^ Xl^^-'XI<^^-'QU'^-Hg,bg,) (160) 

fll,S2>0 

oo 

= n q = e-^\t = e-^-\ 

n,m=l 

Which is exactly the refined topological string partition function. 

A similar calculation for the case of target space gives the constant map contribution to 
the topological string partition function, i.e., the MacMahon function. 

:= [_ Aj-i = ^ E (161) 

= |C(3-2^)| ^9.K= E 

91+92 =9 91+92=9 

^91,92 = |C(3 -2^1 -2^2)1 &si&g2 

where Bn is the n*'* Bernoulli number and we have used the identity = (— l)""'"^n C(l ~ ■"-)■ 
M(g) = Exp(EA^^-^C,)=n(l ^ M(t,q) = Exp( ^ A^-^A^^-^C,,,,) 

fl>0 n>l fli,ff2>0 

n,m>l 

The function M{q) is the MacMahon function and is the generating function of the number 
of 3D partitions, 

00 

M{q) = Yp{n)q'^ (162) 

n=0 

p('^) = # of plane partitions of n . 
The function M{t, q) also has a combinatorial interpretation in terms of 3D partitions, 

M(*,?)-E^(l^+I'l^-I)*'"^'^'""'' (163) 

where 7r+ and 7r_ are two parts of the 3D partition tt obtained by cutting tt by the plane 
X — y. Itt+I and |7r_| are the volumes of the two parts such that |7r+| + |7r_| = |7r| and p(n, m) 
is the number of 3D partitions with (|7r+|, |7r_|) = (n, m). 
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9 Appendix C: An Important Identity 

In this appendix we prove the identity 
Proof: Consider the foUowing identity [10] 

oo 

^f-''i,jqj-4,i-^ _ fq^~^^ = ^2 i"^''i(*)5~"''2(*)~^ + ^2 i^''2^*)+^5"''i(*\ (165) 
Let us set ui = 1/2 — i^* 

i,j=l seu* 

= J] (r"'^^^)^-^''^^)-^ + i^-^W+ig^--^^)) . (166) 
The substitutions q ^ and t ^ will allow us to find a formal expansion of log: 



00 ^ 00 00 ^ 

m=l ^ ij=l m=l ^ {i,j)ei' 

00 ^ 00 00 ^ 

m=l ij=l m=l sGv 

If the order of the m— summation is changed with the one following it, one actually gets the 

identity we are trying to prove: 

00 

^ log (^1 - f-'^ig^-'^^-i) - ^ \og(\-t-''h'~"'~^^ (168) 

00 

= J2 log (1 - ^'?'"') + Yl (1 - . 

i,j=l sGu 

This can be put in a more suggestive form by exponentiating both sides and taking the 
inverse 



— - — ^ = n {^-t-^^^-'^^-') 



^ (169) 



i,j=l s6i^ 
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10 Appendix D: Schur Functions 



This appendix should serve as a review of the definition and some properties we have used of 
the Schur functions. Before defining the Schur function, let us introduce the antisymmetric 
polynomial of a finite number of variables {xi}2=i: 

aa(xi, ...,Xn)= ^ e(a;) a;(a;°) (170) 

where e{uj) serves as the antisymmetrizer for an element uj of the symmetric group Sn and x° 
is a shorthand notation for the monomial x^^ . . . x^". We have a non- vanishing polynomial 
aa{xi) only if all aj's are different. That allows us to put the exponents of the variables, 
without loss of generality, into a particular ordering: ai > a2 > • • • > c^n > 0. The 
freedom of choosing such an ordering among a^'s enables us to connect the polynomials 
aa{xi) to partitions, so we can write a — X + S ior a partition A with length £(A) < n and 
S — (n — l,n — 2,...,1,0). The polynomial aa{xi) can be now rewritten in terms of the 
partition A as 

ax+s{xi, . . . , x„) = e{u;) u;{x^^^). (171) 

This particular form of the polynomial aa{xi) makes it more evident to express this sum as 
a determinant 

0^+5(^1, . . . , x„) = det (x^''^"~^) . (172) 

\ / l<i,j<n 

This form of aa{xi) makes it evident that it is divisible in the ring of polynomials in the 
variables {xi}'^^i with integer coefficients, Z[xi, . . . , Xn], by any difference of the form Xi — xj 
with 1 < i < j < n. Then it is divisible by their product as well, hence, by the Vandermonde 
determinant 

n {x, - Xj) ^ det (xr) . (173) 

l<i<j<n 

Let us denote the above product by as- Now we are ready to define the Schur function sx{xi) 
as a quotient 

sx{xi,...,Xn) = ax+s/as. (174) 

Note that sx{xi) is symmetric and its definition makes sense as long as A e Z" is an integer 
vector such that X + S does not have any negative parts. The Schur functions sx{xi) form an 
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orthonormal basis for the symmetric polynomials which is a subring A„ = Z[a;i, . . . ,x^^". 
The orthonormality requires the definition of the scalar product of symmetric functions. Let 
us give first the definition and describe later the individual ingredients we use. The scalar 
product on A is a Z-valued bilinear form (m, v) such that the bases h\ and are dual to 
each other which is precisely that they satisfy the following relationship: 

{hx,m^,) = Sxt, (175) 

with the Kronecker delta Sxfj,. Given a partition A, mx is defined as the sum over all permu- 
tations of the parts of A = (Ai, . . . , A„) 

mx{xi,...,Xn) ^^x". (176) 

a 

hx is defined in terms of the complete symmetric functions hr as hx = hxi hx2 • • • , with 

/ir- = J] (177) 

|A|=r 

where r is the degree of hr- Finally, A is the free Z module which is generated by the bases 
mx for all A. Any symmetry function can be written as a linear combination of the Schur 
functions with the coefficients calculable having the scalar product defined. 

The skew Schur function sx/f^ is defined by 

{sx/fj.,s^) = {sx,Si,s^) (178) 

where A interlaces /i. We can use the fact that the Schur functions form an orthonormal 
basis and write the skew Schur function in another form 

where the c^j,'s are defined by 

s^s^^^c^^sx (180) 

A 

and are integers. An equivalent definition of the skew Schur function can be given in terms 
of the semi-standard tableau, which is obtained by assigning a positive integer to each box in 
a skew partition such that the numbers weakly increase along the rows, and strictly increase 
along the columns. 
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Having introduced the Schur and skew Schur functions, let us also mention the identities 
we have made use of. If we sum two Schur functions with two sets of independent variables 
X = (xi, X2, . . . ) and y = {yi,y2, ■ ■ ■) over all partitions, we get 

J2sxix)s,iy) = l[il-x,y,)-\ (181) 

Had we changed the partition from A to A* in one of the Schur functions, we would end up 
with 

J2sx^{x)sx{y)=Y[{l + Xiyj). (182) 

The Schur function of the variables (1, g, g^, . . . ) can be expressed in terms of a product of 
terms which are dependent on the hook length of the partition up to an overall factor: 

where n{\) is defined as 

n{\) = J2i^-^)>^^■ (184) 

i 

It is not hard to show that ^(A) can be calculated alternatively using the arm length as well 
as the leg lengths: 



) = E(^ - = ^ E ^^^^^ - 1) = E ^'(^) = E ^^(^) ' (186) 



with the same lyis) and ay{s) defined previously in the text, and we introduce ^'{s) = j — 1 
and a'(s) = i — iPj. 



-^°For the sake of completeness, let us also mention some useful relations among h{X), n(A) and k{X) 
2E(ij)eA(i-«): 

J^hxis) = n(A)+n(A*) + |A| = 2n(A) + iK(A) + |A| 



sex 



k{X) = 2(n(A*)-n(A)). 
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Two skew Schur functions Sx/ui^) and Syj^iy) can be summed over all possible partitions 
satisfying ^ -< v -< \io give another skew Schur function 

s\/i,{x, y) = ^ sx/v{x)sy/^{y). (187) 
The above sum can be generalized to multiple sums in the following way 

n 

= 5^n^'^«M'-)(^^*^) (188) 

where the summation is again over all partitions (z/) = (z/'^°\ . . . , z/*^")) satisfying the same 
interlacing condition generalized to more partitions, /i = v'^^^ -< u^^^ ^ ■ ■ ■ ^ ^/{"-i) ^ = 
A. 
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